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b e a m ,  t h e  r e f l ec t ed  b e a m  a n d  t h e  W e i s s e n b e r g  axis,  
r e spec t i ve ly ,  a n d  le t  z m a k e  a n  o b t u s e  ang l e  w i t h  s 0. 
I t  fo l lows t h a t  

cos v = (s x So)" (z x s0)/{Isin (s, s0) ] Isin (z, s0)l} 

= (s × So) • (z × s0)/{sin 20s cos i f} .  

(No te  t h a t  ~ is t h e  c o m p l e m e n t  of t h e  a c u t e  ang le  
b e t w e e n  - z  a n d  So.) B y  m e a n s  of a v e c t o r  i d e n t i t y ,  
t h e  n u m e r a t o r  is t r a n s f o r m e d  to  

(s × So) • (z × So) = (So" S o ) ( s .  z ) -  (So" z ) ( s .  So) 
= cos (s, z ) -  cos (So, z) cos (s, So) 
= sin v - s i n  ff cos 20s • 

F o l l o w i n g  B u e r g e r  (1942), ff a n d  v a re  m e a s u r e d  in t h e  
s a m e  d i r e c t i o n  f r o m  t h e  e q u a t o r i a l  p l ane .  H e n c e  in t h e  
u s u a l  e x p e r i m e n t a l  a r r a n g e m e n t s ,  as in F ig .  1, # a n d  
s in /x  t a k e  n e g a t i v e  (or zero) va lues .  T h u s  t h e  r e l a t ions  

cos • = (sin v - sin ff cos 20D/(s in  20 ,  cos ~) 
a n d  

@ = T + a  

y i e ld  t h e  des i r ed  ang le  @. 
T h e  specia l  cases m o s t  f r e q u e n t l y  m e t  in  p r a c t i c e  are  

t h e  f o u r  c o m b i n a t i o n s  of t h e  fo l lowing  t w o  c o n d i t i o n s :  

a. a = ~ / 2  or  a = 0 .  
b. /x = - v  (equ i - inc l ina t ion)  or  g = 0 ( n o r m a l  inc idence) .  

F o r  these ,  t h e  exp res s ions  g iv ing  @ a n d  P are  t h e  follow- 
ing :  

a = : t / 2 ,  i f = - v :  

sin @ =- tan  v c t n  Os 
(1 +COS ~ 2 0 m ) P = c o s  ~ 20ra (1 - c o s  2 v sin ~ :Y) 

+ 1 - cos ~ v sin s v (1 + cos :Y)~. 
a = : t / 2 ,  g = 0 :  

s in @ = sin v cse 20s 
(1 + c o s  2 20m)P = c o s  ~ 20m + c o s  2 v(1 - c o s  9 20m sin ~ I') . 

(~=0, /~------v: 

cos @ = t a n  v c t n  Os • 
(1 + cos ~ 2 0 m ) P  = cos ~ 2 Ore[1 - s in s v cos 2 v(1 + cos ~)2] 

+ 1 - c o s  2 v s in  e T. 

a = 0 ,  # = 0 :  

cos @ = sin v csc 20s • 
(1 + c o s  ~ 20m)P  = 1 + c o s  2 v (cos 2 2 0 m - s i n  ~ ~)  • 

T h e  r e l a t ions  cos0  = c o s y  cos Y/2 a n d  c o s 2 0  = c o s y  cos :r 
for  t h e  e q u i - i n c l i n a t i o n  a n d  n o r m a l  i n c i d e n c e  cases,  
r e spec t ive ly ,  h a v e  b e e n  u s e d  in d e r i v i n g  t h e s e  express ions .  

W h i t t a k e r  (1953) ha s  g i v e n  a n  e x p r e s s i o n  for  P in 
gene ra l l y  i n c l i n e d - b e a m  W e i s s e n b e r g  g e o m e t r y  w i t h o u t  
s t a t i n g  t h e  o r i e n t a t i o n  of t h e  i n s t r u m e n t a l  ax is  to  w h i c h  
i t  appl ies .  W e  f ind  t h a t  i t  is e q u i v a l e n t  to  o u r  exp re s s ions  
for  a - -  ~/2.  B o n d  (1959) ha s  r e c e n t l y  g i v e n  t h e  r e d u c t i o n  
of W h i t t a k e r ' s  e x p r e s s i o n  for  e q u i - i n c l i n a t i o n  g e o m e t r y  
a n d  h a s  c o m b i n e d  th i s  f a c t o r  w i t h  t h e  L o r e n t z  co r rec t ion .  

F o r  a g i v e n  level in  t h e  n o r m a l  i nc idence  m e t h o d ,  
t h e  ang le  @ t a k e s  va lue s  in  t h e  r a n g e  ~ to  a + (~/2)  -- v as 
:/" r anges  f r o m  0 to  ~/2.  A c o n t r a r y  s t a t e m e n t  b y  Azaro f f  
(1955) t h a t  in  th i s  m e t h o d  @ is equa l  to  v, c o n s t a n t  for  
a g i v e n  level,  is e v i d e n t l y  in  error .  

I n  t h e  case of t h e  p recess ion  m e t h o d ,  Aza ro f f  (1955) 
has  p o i n t e d  o u t  t h a t  b o t h  @ a n d  2 0s are  r e l a t e d  in a s i m p l e  
w a y  to  c o - o r d i n a t e s  on  t h e  f i lm.  T h e  p o l a r i z a t i o n  f a c t o r  
is t h e n  eas i ly  o b t a i n e d  f r o m  his  or ig inal  express ion .  
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B o r o n  ha s  l ong  b e e n  k n o w n  to  ex i s t  in  severa l  po ly -  
m o r p h i c  m o d i f i c a t i o n s ,  b u t  t h e  s y s t e m a t i c  s t u d y  of t h e  
s t r u c t u r e s  of t h e s e  p o l y m o r p h s  was  n o t  b e g u n  u n t i l  
r e l a t i ve ly  r ecen t l y .  H o a r d  et al. (1958) h a v e  d e t e r m i n e d  
t h e  c rys t a l  s t r u c t u r e  of a t e t r a g o n a l  f o r m  of b o r o n ;  t h e  
un i t - ce l l  d i m e n s i o n s  are  a = 8.75 a n d  c = 5.06 A. T h e  cell 
c o n t a i n s  50 a t o m s .  S a n d s  & H o a r d  (1957) also r e p o r t e d  a 
r h o m b o h e d r a l  f o r m  of b o r o n ;  a = 10.12 A a n d  a = 65 ° 28'.  
T h e  t r i p l y  p r i m i t i v e  h e x a g o n a l  cell to  w h i c h  th i s  r h o m b o -  
h e d r a l  cell m a y  be  r e f e r r ed  ha s  ax ia l  d i m e n s i o n s  of 
a = 1 0 . 9 5  a n d  c = 2 3 " 7 3  A. T h e  p r i m i t i v e  r h o m b o h e d r a l  
cell c o n t a i n s  108 a t o m s .  More  r ecen t ly ,  M c C a r t y  et al. 
(1958) r e p o r t e d  a n o t h e r  r h o m b o h e d r a l  f o r m  of b o r o n ;  

* Work  suppor ted  by the  Office of Naval  Research.  
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a = 5 . 0 5 7  /~ a n d  a = 5 8  ° 4'.  Th i s  cell c o n t a i n s  o n l y  12 
a t o m s ;  t h e  d i m e n s i o n s  of t h e  h e x a g o n a l  cell to  w h i c h  i t  
c an  be  r e f e r r ed  a re :  a = 4 . 9 0 8  a n d  c =  12.567 A.  

All  t h r e e  p o l y m o r p h s  m e n t i o n e d  a b o v e  h a v e  b e e n  
s t u d i e d  b y  s ingle  c ry s t a l  m e t h o d s .  Severa l  a d d i t i o n a l  
m o d i f i c a t i o n s  h a v e  b e e n  r e p o r t e d ,  b a s e d  on  s t ud i e s  of 
p o l y c r y s t a l l i n e  s p e c i m e n s  ( N a r a y - S z a b o  & Tobias ,  1949; 
L a n g r e n a u d i e ,  1954; Rol l ier ,  1953; L a u b e n g a y e r  et al. 
1943). 

R e c e n t l y ,  sti l l  a n o t h e r  p o l y m o r p h s  was  d e t e c t e d  in 
ou r  l abora tor ies .~  S p e c i m e n s  were  p r e p a r e d  b y  t h e  

t The specimen was prepared by one of us (C.T.) a t  Ex- 
per iment  Inc. Richmond,  Va.;  X-ray  studies were carried out  
a t  the Polytechnic  Ins t i tu te  of Brooklyn.  
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d (A) 
8-23 
7.15~ 
6.37 
5-80 

5.04 

4-76 
4.525 
4.30 
4-114 
3.935 

3.81 

1/lo 
4 
8 

30 
5 

100 

3 
5 

80 
85 
30 

45 

hld 
101 
110 
111 
102 
112 
200 
201 
210 
211 
202 
113 

212 
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Table 1. Powder diffraction data: Boron 

d (A) I/lo hkl 
3.46 3 221 
3.358 35 104 
3.266 14 213 
3.191 3 222 

3.171 3 114 
3.125 2 311 
3.044 4 302 
2.925 5 312 
2-901 4 204 

2.846 3 223 
2.806 3 320 
2.746 35 303, 321 

Additional lines not listed. 

d (A) I / I  o hkl 
2.638 18 313,115 
2.608 10 322 
2.516 l0 224 
2.456 15 410 
2.442 25 304 
2.411 18 411,323 
2-400 16 215 

2-386 9 330 
2.380 8 402 
2.354 5 331 
2.263 2 420,332 
2.233 10 421,403 

reduct ion of BBr  3 by  H~ on incandescent  tungs ten  and 
rhenium fi laments of small diameter .  The initial f i lament  
d iameter  was 0-025 mm.  and the final d iameter  of the 
boron deposit  was about  1 ram. The deposition was car- 
ried out  at  a tmospheric  pressure and at  a t empera tu re  of 
about  1540 °K. Contaminat ion  by stopcock greases was 
prevented  by using appara tus  of Teflon and Pyrex-glass 
construct ion wi thout  stopcock greases. 

Wet  chemical analysis of several similarly prepared 
samples for total  boron indicated a boron content  ex- 
ceeding 99% by weight.  The main  impur i ty  in the boron 
rods came from the 0.025 mm.  d iameter  meta l  core and 
amoun ted  to about  0.7% by weight.  F rom emission spec- 
trographic analysis, a luminum was es t imated at  0.005% 
or less. Traces of other  impurit ies (Ba, Sr, Ca, Cu, Fe, Mg, 
and Si) were also found which amoun ted  to a total  of 
about  0-02%. The f i lament  me thod  is generally known to 
produce boron of high pur i ty  (Powell et al., 1955). The boron 
rods appeared black when viewed by reflected light but  
th in  sections appeared red when  viewed by t ransmi t t ed  
light. Red  or reddish crystals of the simple rhombo- 
hedra l  form have  been observed (MeCarty et al. (1958). 

The densi ty of the boron was measured  by a flotation 
me thod  and  found to be 2.364_+ 0-005 g.cm. -3 at  23 °C. 
Densi ty  measurements  on rod segznents and powdered 
samples indicated tha t  the effect of rhenium or tungsten,  
if any,  on the above value was less than  the es t imated 
exper imental  uncer ta in ty .  The uni t  cell of this mater ia l  
is tetragonal ,  pseudo-cubic, wi th  a = 10" 12 and c = 14.14 J~, 
both  + 0.02 A. The dimensions of this uni t  cell are similar 
to those which have been repor ted for a te t ragonal  
modificat ion of A1B r (Halla & Weil, 1939). However ,  
since spectrographic analyses indicate that only trace 
amounts of aluminum are present in the tetragonal boron, 
it is evident that the two phases are distinct in spite of 
the  dimensional  similarity of the  uni t  cells. When 
specimens of te t ragonal  boron were mel ted  by resistance 

heat ing and subsequent ly  cooled, they  were found to have  
t ransformed to the rhombohedra l  modif icat ion repor ted 
by Sands & Hoard  (1957). 

Powder  diffraction da ta  are listed in Table 1 ; d spacings 
were computed  from pat terns  recorded on a diffracto- 
meter  using filtered Co and Cu radiations.  Scanning speeds 
of i s and ¼o per minu te  were used in conjunct ion wi th  fine 
(0-003") receiving slits, in order to maximize  resolution 
of closely spaced lines. The pseudo-cubic character  of the 
mater ia l  was clearly revealed by the split t ing or broaden- 
ing of a number  of lines. 

The measured  densi ty  of 2.364 g.cm. -3 indicates tha t  
the te t ragonal  uni t  cell contains approximate ly  192 
a toms (calc. 190.6), possibly grouped in 16 icosahedra. 
Efforts are being made  to grow single crystals for X- ray  
diffraction s tudy.  
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